CHAPTER 6

MASTER EQUATION AND REACTION-DIFFUSION
EQUATION

[ This chapter is based on the lectures of Professor Hans 9. Haubold of the Office of Outer
Space Affairs, United Nations, Vienna, Austria at the 2008 SERC School).]

6.0. Introduction

Time variation and pattern formation in complex and dynamical systems is an
active research area in non-equilibrium statistical physics. Mathematical modeling
of such systems and inferring the underlying deterministic and stochastic processes
from time series is based on master equations. Reactitunsitin equations are de-
rived from master equations, taking into account certain physical and mathematical
conditions. Reaction equations (kinetic equations) for jump processesfamnsiah
equations for random walks are the simplest versions of master equations. Such
equations, and their fractional generalizations, are used to describe stochastic pro-
cesses in non-equilibrium physical systems. A common assumption for them is the
Markov property and thus the processes under consideration have no memory. Spe-
cial utility for master equations is the principle of detailed balance as is for reaction-
diffusion equations the mass action law. A stochastic process is represented by the
time evolution of a random variable. ¥ is a random variable, the stochastic pro-
cess isY(t). A stochastic variable is defined by specifying the set of possible values
called set of states (space of events, phase space) and by a probability distribution
over this set. The set can be discrete (e.g. number of species of a component in a
reaction) or continuous (e.g. the velocity of a Brownian particle). A classical field
where stochastic processes are essential is statistical mechanics. Statistical mechan-
ics studies systems of large numbers of species. Average values characterizing such
species are measured through probability considerations. The concept of statistical
mechanics is replacing the system by an ensemble of realizations, i.e. a collection
of microstates of the system under consideration. This ensemble serves to visualize
the probability distribution over the set of microstates. A classical example of a
stochastic process is Brownian motion, i.e. the motion of a heavy colloidal particle
immersed in a fluid made up of light particles. The stochastic varigfiein this
case can be the position or velocity of the Brownian particl&(if were determin-
istic, one could find an expression for the evolutioryah time, such as to giv¥ at
eacht. Becaus€ is a stochastic variable, each instant dbes not have a specific
value forY, but a probability for the value of.
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166 6. MASTER EQUATION AND REACTION-DIFFUSION EQUATION
6.1. Markov Processes

In order to understand the Markov property, the conditional probability is being
defined. The conditional probabilify1(y2, t2ly1, t1) is defined through the follow-
ing relation

Pa(y1, t1; y2, 1) = Pap(y2, talya, t1) P1(y1, 1) (6.1.1)

which means that the joint probability of finding at t; and y, at t, equals the
probability of findingy, att; times the probability of finding, att,, giveny; att;.
The conditional probability satisfies the following properties

1. P1|1 >0

2. fP1|1(y2,t2|y1,t1)dy2 =1

3. Pl(yz,t2)=fP1|1(y2,t2|y1,t1)P1(y1,t1)dy1-

Property 3 follows from equation (6.1.1), when integrated aqerntegrating the
left-hand side of (6.1.1) over, givesPs(y1,t1; yo, to)dy, = Pi(yo, 1), i.€e. P1(ya, t2)
is the marginal probability distribution d?, with respect tqy,.

A Markov process is defined by the following relation, which is called Markov
property

Pin-1(Uns talyn-1, th-1; - . - s y1, t1) = Pra(un, talyn-1.th-1), i <ta <...<t, (6.1.2)

The Markov property expresses that, for a Markov process, the probability of a
transition at timet,,_; from a valuey,,_; to a valuey, at timet,, depends only on the
value ofy at the timet,_;, and not on the previous history of the system. Markov
processes do not have memaoRyy is called the transition probability.

For a Markov process the joint probabilities foe= 3 are all expressed in terms
of P, andPy. Forn=3

Pa(y1, t1; y2, 1) P12(ys, tsly1, th; yo, 1) (6.1.3)
P1(y1, t1)P11(y2, taly1, t1) P1a(ys, talyz, t).

Ps(y1, t1; yo, t; y3, t3)

Chapman-Kolmogorov equation

Considering equation (6.1.3), integrating it oygrand dividing both sides b,
gives the Chapman-Kolmogorov equation

P1|1(y3,t3|y1,t1):fP1|1(y3,t3|y2,tz)P1|1(y2,t2|yl,t1)dy2 (6.1.4)

This equation states that a process startirtgatth valuey; reachegs; att; via any
one of the possible values at the intermediate timg.

Proof of (6.1.4)
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Ps(y1, t1; y2, o y3. t3) = Pa(ya, t1)Pun(y2, talya, ta) Pua(ys, taly2, t2)
fPs(yl,tl;yz,tz;ys,ts)dyz = fPl(yl,tl)P1|1(y2,tzlyl,tl)P1|1(y3,t3|y2,t2)dy2

Po(y1,t1;y3,t3) = Pl(yl,tl)fP1|1(y2,t2|l/1,tl)P1|1(y3,t3|y2,t2)dy2
P11(ys, taly1, t1)Pa(y1, 1) = Pl(yl,tl)fP1|1(U2’t2|y1,tl)Pl|l(!/3,t3|y2’t2)d!/2

Pia(ys. taly1, t1) = fP1|1(y2,t2|y1,tl)P1|1(y3,t3|y2,t2)dy2'

Definition of two types of Markov processes

Stationary: A process Y is stationary if it is ndtected by a shift in time, i.eY(t)
andY(t + €) have the same probability distribution.

Homogeneous: A homogeneous process is a non-stationary Markov process defined
by the probabilityP+(y1) = P11(y1lyo). For such processes the transition probability
depends only on the time intervalk= t, — t;.

For both stationary and homogeneous processes, a special notation is used for
the transition probability and the Chapman-Kolmogorov equation

P11(y2, taly1, t1) = T (y2ly1) (6.1.5)

Teir (yalya) = fTr/(y3|y2)Tr(y2|y1)dy2. (6.1.6)

Master equation

Taking the transition probabilityf, and expanding it in a Taylor series over zero,
considering smalt’, gives

T (ysly2) = 6(y2 — yz) + T W(ysly2) + O(x'%) (6.1.7)

The delta function expresses that the probability to stay at the same state after time
zero equals one, whereas the probability to change state after time zero equals zero.
W(ysly-) is the time derivative of the transition probability &t = 0. Thus it is

called transition probability per unit time.

This expression must satisfy the normalization property. Therefore the integral over
y3 must equal one. In order for that to happen, the above form must be corrected in
the following sense

Te(Waly2) = (1 - aot)8((y2 — y3) + 7" W(yaly2) + O(7%) (6.1.8)

where the delta function has been corrected by théiceent 1- aor’ which corre-
sponds to the probability for no transition to have taken place at all. Therefore

ao(y2) = f W(y3ly2)dys. (6.1.9)

Putting equation (6.1.8) into equation (6.1.6), dividing#yyand going to the limit
7" — 0 gives the dierential form of the Chapman-Kolmogorov equation which is
named master equation
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STl = [ WGl T o) - WOl Ty llye.— (6.1.40)
Proof of (6.1.10)

Putting equation (6.1.8) in equation (6.1.6) gives
fTT'(!/3|y2)Tr(y2|y1)dy2
[ 1 aor)stue - o)+

T W(y3ly2)] T+ (y2ly1)dy
fTT(y2|y1)5(!/2 - y3)dy, —

TT+T’ (y3|.l/1)

v f o(y2)5(y2 — =) T, (aly2)dya +

T,fw(y3|U2)Tr(y2|yl)dy2

T-(yaly1) = 7 fW(y2|y3)TT(y3|y1)dy2 +

T,fw(y3|U2)Tr(y2|yl)dy2

Trir (y3lyr) — T-(ysly1)
T/

W f[W(y3|y2)TT(y2|yl) — W(y2lys) T+ (ysly1)1dy2

Noting that all transition probabilities are for a given valyeatt;, one may write,
suppressing indices

ap(y’ t) ’ ’ ’ ’

)~ [WoPE.D - W PLOIY.  (6.0.41)
This is the master equation for a jump process. If the rangéisfa discrete set of
states with labels, the equation reduces to

OB W B0 ~ W) (61.12)
=
In terms of physics, the master equation is a gain-loss equation for the probabil-
ity of each staten. The first term is the gain due to transitions from other stafes
and the second term is the loss due to transitions into other states
Under steady state condition, the left side of the master equation equals zero.
Therefore the steady state condition property has the form

2 WarrBh = () Warn) P (6.1.13)
n n

f[W(y3|y2)TT(y2|yl) — W(y2ly3) T-(y3ly1)1dy2

This relation expresses the fact that in steady state, the sum of all transitions
per unit time into any state n must be balanced by the sum of all transitionsfrom
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into other states’. Detailed balance is the stronger assertion that for eachnpair
separately the transitions must balance

WnrY Dﬁ = Wn’npn- (6.1.14)

Detailed balance is a necessary but ndfisient condition for thermodynamic
equilibrium. In terms of quantum mechanics, detailed balance in thermodynamic
equilibrium follows from microscopic reversibility. However, it may also hold
in some cases for non-equilibrium. Therefore, thermodynamic equilibrium is the
strongest condition (sticient but not necessary).

Mean-field equation

LetY be a physical quantity with Markov character. The master equation determines
its probability distribution at alt > 0. In ordinary macroscopic physics, however,
one ignores fluctuations and treatsas if it were a non-stochastic, single-valued
guantity< Y >. The evolution ok Y > is described by a deterministicftBrential
equation for< Y > called the mean-field equation. As the master equation de-
termines the entire probability distribution, it must be possible to derive from it the
mean-field equation as an approximation for the case that fluctuations are negligible.

The following exact identity holds

d [ oP@.Y)
a<Y>(t) = f‘l/—at dy
f f [W(ly )P, ) — Wy Iy)Ply. D]dlydy’
f f o — yW('ly)P(y. dydy’

fal(y)P(y, t)dy =< ay(y) > . (6.1.15)

Proof of (6.1.15)

%<Y>(t)

| [ sttt ypo0 - WP iy

[ [ wewrpw.oaas - [ [ owenre. iy
f f y'W(y'ly)P(y, t)dydy” — f f yW(y'ly)P(y, t)dydy’
[ [ - ow e oy

[ @wPw. vy =< ) >

The jump moments, (y) are defined by

a,(y) = f o — )W )dy. v=0.12.... (6.1.16)
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Therefore, the mean-field equation for the time evolutovi > (t), if a;(y) is a
linear function ofy, is given by

% <Y>=a(<Y>). (6.1.17)

If, however,a;(< Y >) is not a linear function ok Y >, one has a dlierent form
for a;(< Y >) by expanding it into a Taylor series overY >.

1
<a(Y)>=ai(< Y >)+ 5 < (Y-<Y>)P>a/(<Y>)+... (6.1.18)
Proof of (6.1.19)

Taylor series ofy(Y)over <Y >

alY)=a<Y>)+a(<Y>)(Y-<Y>)+ %a’l’(< YS)Y-<Y>)?2+. ..

The mean value of the above is

<alY)> = al<Y>)+a(<xY>)<(Y-<Y>)>+

1
Ea’l’(<Y>)<(Y—<Y>)2>+...

Considering that

1
<(Y=<Y>)>=0:<a(Y)>=ai(< Y>) + Eo-za’l’(< Y >).
The evolution of< Y > in the course of time is therefore not determined by
<Y > itself, but is influenced by the fluctuations around this average (variafice
Thus for nonlineaa;(< Y >) we need an equation for the variance as well.

Similar to what was done fot Y >

% <Y'> f f (v — Y)W ly)P(y)dydy’

f f [ — )% + 200’ — )W Iy)Py)dydy’
<a(Y)>+2<Ya(Y)>.

This is identical with

2
% —<a(Y) > +2 < (Y= < Y >)a(Y) > (6.1.19)

Proof of (6.1.19)
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%<Y2> = fy2¥dy
[ [ vt P - Wi Peldyey

[ [ weiprae - [ [ewemrea
f f y?W(y'ly)P(y)dydy’ - f f y*W(y'ly) P(y)dydy’
[ [ - Pwewredd

f f [ — )% + 255" — y)]W(y/ly) Py)dycly’
<a(Y)>+2<Ya(Y)>.

One has
do?(t)  d<¥Y?> d<Y>
a dt dt
d<Y?> d<VY>
= . -2 i <Y >

= <aY)>+2<Ya(Y)>-2<Y><a(Y)>

= <a(Y)>+2<(Y=<Y>)a(Y) >

= <aY)>+2<(Y-<Y>a(<Y>)+
(<Y >)(Y- <Y >)? +tdots>

= <aY)>+2<Y-<Y>>a(<Y>)+
28, (<Y >) < (Y-<Y>)? >

= ay(<Y>)+20%a(< Y >).

Replacing< Y > (t) with y(t) we get the two equations that constitute the first
approximation beyond the mean-field equation

y=a(y) + %aza’l’ (v) (6.1.20)
(0% = ax(y) + 20%a)(y). (6.1.21)

One-step processes

There is an important family of Markov processes, called production-destruction
processes or birth-death processes, which are called one-step processes. These pro-
cesses are continuous in time, their range consists of integensd only jumps
between adjacent states are permitted. The master equation for such processes is

pn = I'ny1Pnst + gn-1Pn-1 — (rn + gn)pn (6-1-22)

wherer,, is the probability per unit time for a jump from statd¢o staten— 1 andgy,
is the probability per unit time for a jump fromto n+ 1. One-step processes can
be subdivided based on the ¢beentsr,, andg, into the following categories
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e Linear, if the cofficients are linear functions aof
e Nonlinear, if the cofficients are nonlinear functions nf
e Random walks, if the cdicients are constant

One example of a random walk is the Poisson process. The Poisson process cal-
culates the probability of events occurring at time> 0. The Poisson process is
defined by

rn = O, gn = q, pn(o) = 6[]’0 (6123)
No destruction exists ang is a constant. The Kronecker delta expresses that the
probability for no events to have occurred after time zero equals one, and the prob-

ability of more than one event occurring after time zero equals zero. The master
equation for the Poisson process has the form

Pn = d(Pn-1— Pn) (6.1.24)

which has the following solution

pn(t) = %e‘q‘. (6.1.25)

Proof of (6.1.24)

For the Poisson process (where events are independent), the probability of
events happening depends only on the time interval. Therefore we can write that
the probability for one event happening in the time interAls P(n = 1, At) =
P(1, At) = gAt. Based on that one gets

P(n,t + At) P(n,t;0,At) + P(n— 1,t; 1, Ay
P(n,t)(1 - gAt) + P(n — 1, t)gAt

gAt(Pn_1 — Pn).

P(n,t + At) — P(n, t)

Thus
Pn = q(Pn-1 — Pn)-
Proof of (6.1.25)

We introduce the so-called generating function

G(st) = ) S'pn(t)
n=0



6.1. MARKOV PROCESSES 173

wheresis independent of time. Eierentiating this function and substituting equa-
tion (6.1.12) in it gives

dGst) o,
. nZ:(;@pn(t)

= > STA(Pr1 - o]
n=0

= qsi S Pr-a(t) — g i Snpn(t)
n=1 n=0

PE ~ gs-nesy
G(s,t) = G(s 0) &,

But,G(s,0) = > S"Pn(0) = 1 (only then = 0 term survives, because one chooses
the initial conditionp,(0) = 6, o.) Thus

G(S, t) — eq(s—l)t — eqste—qt
_ i (asd” __q
4l

I
g
oy
e

_ (@) g
pn(t) = e

An example of a linear one-step process is the decay process. Consider a piece
of radioactive material. The number of active nuclei surviving at time0, N(t), is
a non-stationary Markov process. To find the evolution of a collection of nuclei, let
P(n, t) be the probability that there aresurviving nuclei at time.

If v is the decay probability per unit time for one nucleus, the transition proba-
bility from n’ to nin a short timeAt is (according to equation (6.1.8))

PL1(n,t + Altn', t) = Sy .n(1 — YN AL) + Sy_1 0y At + O(AL)% (6.1.26)

The second term is the decay probability fmuclei. In a very short time interval

At one can expect not more than one of thauclei to decay. Hence th& _;,

in front of the decay probability. The first term corresponds to the case that no
transition takes place. The transition probability can be written also as

Pua(nt+ Atin,t) = On>n' (6.1.27)
= nNyAt, n=n"-1 (6.1.28)
= Ot n<n -1 (6.1.29)

Therefore the transition probability per unit time is
Wnr{ = ’yn’én,n’_l. (6.1.30)
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Inserting this form in equation (6.1.12) gives the master equation for the decay
process

Pn(t) = y(n+ 1)Pnsa(t) — ynpa(t). (6.1.31)
Now a device is applied for linear master equations which consist in multiplying

both sides of equation (6.1.31) loyand summing oven. Relabeling indices in
the sump,,1, SO to obtainp, throughout one gets

inpn '}’in(n"' 1)pn+1_')’in2pn

n=0 n=0 n=0

y > (n=1np, -y > mPp,
n=0 n=0

—yi Nnph.
n=0

Thus the mean-field equation fbi(t) is given by

% < N(t) >= —y < N(t) > . (6.1.32)
Solving the above equation fer N(0) >= n, gives

< N(t) >= nge™". (6.1.33)

An example of a nonlinear one-step process is a chemical reaction such as

LS
XKZX
k, k' are reaction cd#@cients, defined in chemical kinetics. For a statehe gen-
eration probability per unit timg, has the valu&n. For the reverse reaction, one
can assemble pairs of moleculesXgfin n(n — 1) ways (this is a result of the com-
binations ofn over 2, times 2, since each pair is counted twice). Thusk'n(n—-1).

Each reaction has a gain and a loss term. Therefore, in the master equation we
will have two gain terms and two loss terms, thus four terms. For each reaction
separately the gain and loss terms are as follows:

e Xy — 2Xns1): For this reaction, we are interested in the gain and loss of
stateX. Thus we callX staten, and X staten + 1. Gain of X means de-
struction. Therefore the gain term for this reactiok’i§(n + 1)p,,1. LOSS
of X means generation. The loss terms is th&np,

® Xn-1 < 2Xn: For this reaction, one is interested in the gain and loss of
state X. Thus we call X staten, andX staten — 1. Gain of X means
generation. Therefore the gain term for this reactiok(ins— 1)p,,1. LOSS
of X means destruction. The loss terms is thé&m(n — 1)p,.

The master equation becomes
Pn = K'n(n+ 1)ppe1 + k(N = 1)pr-1 — knpy = K'n(n - 1)pn. (6.1.34)
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Applying what was done in the linear case, one obtains

> b
n=0

k(0= Dpns +K 3 050+ L)pn -
n=0 n=0

i[k’nz(n — 1) + kré] pn
n=0

= k> n(n+1)p,+Kk Y n(n-1)p, -
n=0

n=0

i[k’nz(n — 1) + knf] pn
n=0

= kinpn—k’in(n—l)pn
n=0 n=0

This is not a closed equation due to the nonlinearity. So one needfeeediial
equation for< n(n — 1) > and so on (infinite hierarchy). To simplify we make the
mean-field approximatior n(n — 1) >=< n >< n >, so to obtain the mean-field
equation for the chemical reaction

%<n>:k<n>—k’<n>2. (6.1.35)
6.2. Fractional Reaction-Dffusion

|2
J_1/2(X) = =~ COSX. (6.2.1)

and Mathai and Saxena (1978, p. 49), the cosine transform of the H-function is
given by

In view of the results

” - (ap,Ap)
[ costomga [at )| 6.22)
_ T onem E (1-bq.Bo) (12,4
= kp o+1,p+2 a (p,/t),(l—ap,ap),(l%’,% ) (623)

X bi =1 .
where R[p + ufl_(g)] > 0. R[p + ﬂggxgn(%)] < Olarg| < i1 Q,Q > 0;
aj.

k>0 andQ = Z:nzl Bj - Z(j:l:rm-l Bj + er]:l aj — Zp

j=n+1

The Riemann-Liouville fractional integral of ordeiis defined by

oD”N(x,t) = % fo t(t — )" IN(x, u)du, (6.2.4)

where®R(v) > 0.
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The following fractional derivative of order > O is introduced in the form

1 t fM(x, 7)dr
a — — < .
oDy T(Xx, t) fm—a) J, (t—r)a+1—m’m l<a<mR(@)>0meN
omf(xt) .
et if @ =m. (6.2.5)

Where " f(x, t) is them™ partial derivative off (x, t) with respect td.

The Laplace transform of the Caputo derivative is given in the form

m-1

L {oDf f(x.1); S} = S"F(x, ) — Z ¢ 1f0(x 04), (M-1<a<m). (6.2.6)

Following Feller, it is conventional to define the Riesz-Feller space-fractional
derivative of orderr and skewnesgin terms of its Fourier transform as

F{xDj f(x); K} = ¥, F*(K), (6.2.7)
where
Po(K) = k| expﬂ(signk)%ﬂ], O<a<20 <min{e,2-a}. (6.2.8)
Wheno = 0, then (6.2.8) reduces to
F (D f(X); K} = —IKI", (6.2.9)
which is the Fourier transform of the Weyl fractional operator, defined by
WDEF() = _fdd (6.2.10)

F(n )dt” T

This shows that the Riesz-Feller operator may be regarded as a generalization of the
Weyl operator.

Further, wher® = 0, we have a symmetric operator with respect tbat can be
interpreted as

2 \a/2
d) . (6.2.11)

«Dy = — (—ﬁ
This can be formally deduced by writing(k)* = —(k?)*2. For 0 < @ < 2 and

6] < min{a, 2 — a}, the Riesz-Feller derivative can be shown to possess the follow-
ing integral representation in thedomain:

0109 = "D s gy [ 10D 10
' - f(x=¢)-f(x
+  sinf(e - 0)r/2] fo yem dg—‘}. (6.2.12)

Finally, we need the following property of the H-function (Mathai and Saxena,
1978)
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(@ap.ap) | _ 1‘ mn
(bq,Bq)] - 6Hp,q [X

Hia |

A
oens| >0 (6.2.13)

Unified Fractional Reaction-Diffusion Equation

In this section, we will investigate the solution of the reactiofitdiion equation
(6.2.14) under the initial conditions (6.2.15). The result is given in the form of the
following

Theorem 6.2.1. Consider the unified fractional reactionfision model
oDYN(x, 1) = 7 DIN(X, t) + D(X, t), (6.2.14)

wheren,t > 0, X € r; a, 0, 8 are real parameters with the constraints
O<a <20 <min(a,2 - a),0 < B < 2, and the initial conditions

N(x,0) = f(x),Ni(x,0) = g(X) ); for xe R™ N(x,t)=0,t>0. (6.2.15)

|X|— o0

Here N(x, 0) means the first partial derivative of(), t) with respect to t evalu-
ated at t= 0,7 is a diffusion constant and(x, t) is a nonlinear function belonging
to the area of reaction-diusion. Further,Dj is the Riesz-Feller space-fractional

derivative of orderr and asymmetry. on is the Caputo time-fractional derivative
of orderB. Then for the solution of (6.2.14), subject to the above constraints, there
holds the formula

N(xt) = % f T () Epa(—nt ¥ (K)) explik)k (6.2.16)
’ % f . tg* () Eg 2(—mk ¥ (K)) exp(-ikx)dk

1 e .
v fo &1 f ) D (K, t — &)Ej 5(—nk t*% (K)) exp(-ikx)dk.

In equation (6.2.16) and the following,,E2) denotes the generalized Mittag-
Leffler function.

Proof 6.2.1. If we apply the Laplace transform with respect to the time variable
t, Fourier transform with respect to space variakl@and use the initial conditions
(6.2.15) and the formula (6.2.7), then the given equation transforms into the form

EN(k, 9) — L1 (K) - £25°(K) = —nP! (N (k, 9 + D (K, 9),

where according to the conventions followed, the symbwill stand for the Laplace
transform with respect to time varialland * represents the Fourier transform with
respect to space varialke Solving forN-, it yields

N (OC S (O ()
F+n¥k)  F+n¥ik)  F+nPK)

N-(k, ) = (6.2.17)
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On taking the inverse Laplace transform of (6.2.17) and applying the formula

-1
Lt {asj_ Sl} = t"PE, 0 pa(-at?), (6.2.18)

where®R(s) > 0, R(a) > 0, R(ae — B) > -1, itis seen that
N(k, 1) F*(KEsa (-5 (K)) + g (K)LE (11t 5 (K))
[ 'kt-9¢ Bt (6.2.19)

The required solution (6.2.16) is now obtained by taking the inverse Fourier trans-
form of (6.2.19). This completes the proof of the theorem.

+

Special cases

Wheng(x) = 0, then by the application of the convolution theorem of the
Fourier transform to the solution (6.2.16) of the theorem, it readily yields

Corollary 6.2.1. The solution of the fractional reaction#lision equation

%N(x, t) - n%N(x, t) = (% t),xer,t>0,n>0, (6.2.20)

with initial conditions

N(x,0) = f(X),Ni(x,0)=0forxe R1<g<2m N(xt)=0, (6.2.21)

" X—+00

wheren is a diffusion constant and(x, t) is a nonlinear function belonging to the
area of reaction-dfusion, is given by

N(x,t) = fGl(X—T,t)f(T)dT
0
t X
+ f (t — &P tde f Go(x—1,t = &)O(r,&)dr,  (6.2.22)
0 0
where
3 a-—06
po= 2a
Gi(x,t) = % f expikx)Eg 1 (—ntP 1P (k))dk (6.2.23)
1 oal K @e)@sie).w)
- m"'&s[nlmtﬁ/a ananay  |-@>0
and

Galx ) = 5 [ expLIkNE (w0

1 21 X
alX 33| yletple

(L1/a),(8B/a),(Lp)
(11/a)(11).(Lp) ] , (@ >0). (6.2.24)



6.2. FRACTIONAL REACTION-DIFFUSION 179
In deriving the above results, we have used the inverse Fourier transform formula

1 X
-1 AW (1)) v — 21 (L.1/@),(yB/),(L,p)
FEs, (—ntPPe(K); X] = pre H3’3[n1“tﬁ/a|(1’1/")’(1’1)’(1’P) 1. (6.2.25)

where®R(B) > 0, R(y) > 0, which can be established by following a procedure.

Next, if we setf(x) = d(x),® = 0,¢g(x) = 0, whered(x) is the Dirac delta-
function, then we arrive at the following interesting result.

Corollary 6.2.2. Consider the following space-time fractionaffdision model

PN(x t
% = 7 DIN(X1),7>0,xeR 0<B<2, (6.2.26)

with the initial conditions Nx,t = 0) = §(x), Ny(x,0) = 0,im __'N(x,t) = 0 wheren

is a diffusion constant anél(x) is the Dirac delta-function. Then for the fundamental
solution of (6.2.26) with initial conditions, there holds the formula

1 21 X @1/e).@p/e)p)
N(X, t) = mH3.3 (T]tﬁ)l/a|(lsl/a)’(l’l)’(l’p) ]7 (6227)

wherep = £°.

Some interesting special cases of (6.2.26) are enumerated below.

(i) We note that forr = g, the corresponding solution of (6.2.26), denoted\jy
which we call as the neutral fractionalfflision, can be expressed in terms of
elementary function and can be definedfor 0 as
Neutral fractional dfusion: O< @ = 8 < 2;0 < min{a, 2 — a},

1 xLsin[(r/2)(« - 6)]
71+ 2x2 cos[r/2)(a — 0)] + X2

The neutral fractional dliusion is not studied at length in the literature.
Next we derive some stable densities in terms of the H-functions as special
cases of the solution of the equation

(i) If we setB = 1,0 < a < 2;0 < min{a, 2 - ajthen (6.2.26) reduces to space
fractional difusion equation, which we denote hy(x) is the fundamental
solution of the following space-time fractionalfflision model:

N
9 g Y, DEN(D), 750 xeR (6.2.29)

with the initial conditionsN(x,t = 0) = §(x), '™, _N(x,t) = 0,, wherey is a

> X—z*o0

diffusion constant and(x) is the Dirac-delta function. Hence for the solution
of (6.2.29) there holds the formula

Ny (x) = (6.2.28)

La(X) =

(z23)(00)

1 1,1 (Ut)lm
a(mt)te 22| |M

(L1p) ] O<a<1,0<a, (6.2.30)
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wherep = % The density represented by the above expression is known as

a-stable Lévy density. Another form of this density is given by

1 X

LH — Hl,l

N [
(iii) Next, if we takea = 2,0 < 8 < 2,0 = 0, then we obtain the time fractional

diffusion, which is governed by the following time fractionaffdsion model:
PNt &
o o

with the initial conditionsN(x,t = 0) = §(X), Ne(x,0) = 0,/m N(x,t) = 0
wheren is a diffusion constant and(x) is the Dirac delta-function, whose

fundamental solution is given by the equation

1 a0l X jas
N(x,t) = MH“ [(Utﬂ)l/z @y |- (6.2.33)
(iv) Further, if we setr = 2,8 = 1 andd — 0 then for the fundamental solution of

the standard diusion equation

(1-2.2).(1-p0)
(0.1).(1-p0) ] l<a<20l<2-a, (6.2.31)

N(xt),7>0,xe RO<B <2, (6.2.32)

QN(X t) = a—zN(x t) (6.2.34)
ot o T Mg NS e
with initial condition
N(x t = 0) = 6(x), im, N(x.t) =0, (6.2.35)
there holds the formula
NGot) = o HE X 532] = (dmnt) 2 ex L (6.2.36)
9 - 2|X| 1’1 n1/2t1/2 (]_’1) - 77 p 4TIt s L.

which is the classical Gaussian density.

Finally, forg = 1/2 in (6.2.14), we arrive at

Corollary 6.2.3. Consider the following fractional reaction-ision model
D{/2N(x, t) = 7 DIN(x, 1) + D(x, 1), (6.2.37)
wheren,t > 0, X € R; a, 6 are real parameters with the constraints
0 < a < 2,16] < min(a, 2 — @), and the initial conditions
N(x,0) = f(x), for xe R "™ _N(x,t) = 0. (6.2.38)

X—+00

Heren is a difusion constant an@(x, t) is a nonlinear function belonging to the
area of reaction-dfusion. Further,Dj is the Riesz-Feller space fractional deriva-

tive of ordera and asymmetrg and q” ?is the Caputo time-fractional derivative of
order 1/2. Then for the solution of (6.2.37), subject to the above constraints, there
holds the formula

N(xt) = % f mf*(k)El,z,l(—ntﬁwg(k))exq—ikx)dk (6.2.39)

t 00
- f 20 f " (ket— OE; 3 (~7k 128 (k) exp(-ikx)dk.
0 —00
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