
CHAPTER 4

MODEL BUILDING

[This chapter is based on the lectures of Dr. A.M. Mathai of CMS Palai, Kerala, India.]

4.0. Introduction

There are various types of models that one can construct for a given set of data.
The types of model that is chosen depends upon the type of data for which the
model is to be constructed. If the data are coming from a deterministic situation
then there may be already an underlying mathematical formula such as a physical
law. Perhaps the law may not be known yet. Hence one may try to fit a model to the
data collected about the situation. When the physical law is known then there is no
need to fit a model but for verification purposes one may substitute data points into
the speculated physical law.

4.1. Deterministic Situations

For example, a simple physical law for gases says that the pressureP multiplied
by volumeV is a constant under a constant temperature. Then the physical law that
is available is

PV = c
wherec is a constant. When it is a mathematical relationship then all pairs of
observations onP andV must satisfy the equationPV = c. If V1 is one observation
on V and if the corresponding observation isP1 for P thenP1V1 = c for the same
constantc. Similarly, other pairs of observations (P2,V2), ...will satisfy the equation
PV = c. If there are observational errors in observingP andV then the equation
may not be satisfied exactly by a given observational pair. If the model proposed
PV = c is not true exactly then of course the observational pairs (Pi,Vi) for some
specifici may not satisfy the equationPV = c.

4.1.1. Differential equations

Another way of describing a deterministic situation is through the help of differ-
ential equations. We may be able to place some plausible assumptions on the rate
of change of one variable with respect to another variable. For example, consider
the growth of a bacterial colony over time. The rate of change of the population size
may be proportional to the actual size. For example if new cells are formed by cell
division then the number of new cells will depend upon the number of cells already
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114 4. MODEL BUILDING

there. Growth of human population in a community is likely to be proportional to
the number of fecundable women in the community. In all these situations the rate
of change of the actual size, denoted byy, over timet, will be a constant multiple
of y itself. That is,

dy
dt
= ky (4.1.1)

wherek is a constant. The solution is naturally

y = mekt

wherem is an arbitrary constant. This constantm is available if we have an initial
condition such as whent = 0, y0 = me0 = m or m = y0 or the model is

y = y0e
kt, t ≥ 0. (4.1.2)

In this model there is only one parameterk (unknown quantity sitting in the model)
and thisk is the constant of proportionality of the rate of change of the population
sizey over timet.

Example 4.1.1. Coconut oil (u = demand in kilograms) and palm oil (v = demand in
kilograms) are two competing vegetable cooking oil that are sold in a supermarket. The
shopkeeper found that if either coconut oil or palm oil is absent then the demand sores
exponentially. the rate of change of demand over time is found to be the following:

du
dt
= 2u − v and

dv
dt
= −u + v

⇒ d
dt

(
u
v

)
=

[
2 −1
−1 1

] (
u
v

)

⇒
d
dt

W = AW, W =

(
u
v

)
, A =

[
2 −1
−1 1

]
.

Suppose that the starting stocks att = 0 areu = 100 kilos andv = 200 kilos, time being
measured in days. What will be the demands (1) on the 10th day, (2) eventually.

Solution 4.1.1. Note that individually the demands vary exponentially, that is,
whenv = 0, du

dt = 2u ⇒ u = e2t and whenu = 0, dv
dt = v ⇒ v = et. Hence we may

look for a general solution of the type

u = eλt x1 andv = eλt x2

whereλ, x1, x2 are unknown quantities. Then

W =

(
u
v

)
=

(
eλt x1

eλt x2

)
= eλtX, X =

(
x1

x2

)
.

Pre-multiplying both sides byA we have

du
dt
= λeλt x1,

dv
dt
= λeλt x2

d
dt

W = AW = eλtAX ⇒

λeλt x1 = 2eλt x1 − eλt x2

λeλt x2 = −eλt x1 + eλt x2.
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That is,

AX = λX, A =

[
2 −1
−1 1

]
, X =

[
x1

x2

]
.

This meansλ is an eigenvalue ofA.

|A − λI| = 0⇒
∣∣∣∣∣∣
[

2 −1
−1 1

]
− λ

[
1 0
0 1

]∣∣∣∣∣∣ = 0

⇒
∣∣∣∣∣∣
2− λ −1
−1 1− λ

∣∣∣∣∣∣ = 0

⇒ λ2 − 3λ + 1 = 0⇒ λ1 =
3+
√

5
2
, λ2 =

3−
√

5
2
.

What are the eigenvectors? Corresponding toλ1 =
3+
√

5
2 we have the second equa-

tion from AX = λ1X

−x1 +

1− 3+
√

5
2

 x2 = 0⇒ x1 =
1−
√

5
2

for x2 = 1 or one solution is

W1 =

(
x1

x2

)
=

(
1−
√

5
2
1

)
.

Forλ2 =
3−
√

5
2 , substituting inAX = λ2X then from the first equation

2− 3−
√

5
2

 x1 − x2 = 0⇒ x2 =
1+
√

5
2

for x1 = 1. Thus an eigenvector is

W2 =

(
x1

x2

)
=

(
1

1+
√

5
2

)
.

Then the general solution is

W = c1W1 + c2W2

= c1e
λ1t

[
1−
√

5
2
1

]
+ c2e

λ2t

[
1

1+
√

5
2

]

whereλ1 andλ2 are given above. From the initial conditions, by puttingt = 0

W0 =

[
100
200

]
= c1

[
1−
√

5
2
1

]
+ c2

[
1

1+
√

5
2

]
⇒

100=
(1−

√
5)

2
c1 + c2

200= c1 +
(1+

√
5)

2
c2.
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This givesc1 = 75− 25
√

5 andc2 = 50
√

5. Thus the answers are the following:
(1): Fort = 10

u = (75− 25
√

5)e( 3+
√

5
2 )(10)(

1−
√

5
2

) + 50
√

5e( 3−
√

5
2 )(10) and

v = (75− 25
√

5)e( 3+
√

5
2 )(10)+ 50

√
5e( 3−

√
5

2 )(10)(
1+
√

5
2

).

Both these tend to+∞ whent → ∞ and hence the demand explodes eventually.

4.1.2. Algebraic models

Another category of models for a deterministic situation is algebraic in nature.
Suppose that we want to construct models for mass, pressure, energy generation and
luminosity in the Sun then we have to speculate about the nature of matter density
distribution in the Sun. The Sun can be taken as a gaseous ball in hydrostatic equi-
librium. The matter density can be speculated to be more and more concentrated
towards the center or core of the Sun and more and more thin when moving outward
from the core to the surface. This density distribution is deterministic in nature. But
due to lack of knowledge about the precise mechanism working inside the Sun one
has to speculate about the matter density distribution. Ifr is an arbitrary distance
from the center of the Sun then one can start with a simple linear model for the
matter densityf (r) at a distancer from the center. Then our assumption is that

f (r) = a(1− x), a > 0, x =
r

Ro
(4.1.3)

whereRo is the radius of the Sun. This model indicates a straight line decrease
from the center of the Sun, going outward. From observational data we can see
that (4.1.3) is not a good model for the density distribution in the Sun. Another
speculative solar model (model for the Sun) is of the form

f (r) = f0(1− xδ)ρ (4.1.4)

whereδ andρ are two parameters. It can be shown that we have specific choices
of δ andρ so that the model in (4.1.4) can be taken as a good model for the density
distribution in the Sun. Once a model such as the one in (4.1.4) is proposed then
simple mathematical formulation from (4.1.4) will give models for massM(r), pres-
sureP(r) and luminosityL(r), at arbitrary pointr. Such models are called analytical
models. Various such analytical solar and stellar models may be seen from Mathai
and Haubold (1988:Modern Problems in Nuclear and Neutrino Astrophysics) and
later papers by the same authors and others.

4.1.3. Computer models

Problems such as energy generation in the Sun or in a star depend on many fac-
tors. One such factor is the distribution of matter density in the star. A model based
on just one variable such as matter density will not cover all possibilities. Hence
what scientists often do is to take into account all possible factors and all possible
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forms in which the factors enter into the scenario. This may result in dozens of
differential equations to solve. Naturally, an analytical solution or exact mathemat-
ical formulation will not be possible. Then the next best thing to do is to come up
with some numerical solutions with the help of computers. Such models are called
computer models. The standard solar model, which is being widely used now, is a
computer model. One major drawback of a computer model is that the computer
will give out some numbers as numerical solutions but very often it is not feasible
to check and see whether the numbers given out by the computer are correct or not.

4.1.4. Power function models

There are a number of physical situations where the rate of change of an item is
in the form of a power of the original item. In certain decaying situations such as
certain radiation activity, energy production, reactions, diffusion processes, etc the
rate of change over time is in the form of the power. Ify is the original amount and
if it is a decaying situation then the law governing the process may be of the form

dy
dt
= −yα, (decaying) (4.1.5)

dy
dt
= yα, (growing). (4.1.6)

Then a solution of the decaying model in (4.1.5) is of the form

y = [1 − a(1− α)t] 1
1−α ⇒ dy

dt
= −ayα, a > 0 (4.1.7)

and the growth model in (4.1.6) has the solution

y = [1 + a(1− α)t]− 1
α−1 ⇒

dy
dt
= ayα, a > 0. (4.1.8)

In (4.1.7) the rate of decay ofy is proportional to a power ofy. For example if
α = 1

2 then the rate of change ofy over time is proportional to the square root of
y. The current hot topics of Tsallis statistics andq-exponential functions are asso-
ciated with the differential equations in (4.1.5) and (4.1.6) with resulting solutions
in (4.1.7) and (4.1.8) respectively. The power parameterαmay be determined from
some physical interpretation of the system or one may estimate from data. The be-
havior in (4.1.5) and (4.1.6) is also associated with some generalized entropies in
Information Theory. Some details may be seen from Tsallis (1988) and Mathai and
Haubold (2007, 2007a, 2007b).

4.1.5. Input-output models

There are a large number of situations in different disciplines where what is ob-
served is the residual effect of an input activity and an output activity. Storage of
water in a dam or storage of grain in a silo at any given time is the residual effect of
the total amount of water flowed into the dam and the total amount of water taken
out for irrigation, power generation etc. Grain is stored in a silo during harvest
seasons and grain is sold out or consumed from time to time and thus what is in
the storage silo is the residual effect of the input quantity and output quantity. A
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chemical called Melatonin is produced in every human being’s body. The produc-
tion starts in the evening, it attains the maximum peak by around 1 am and then it
comes down and by morning the level is back to normal. At any time in the night
the amount of Melatonin seen in the body is what is produced, sayx, minus what is
consumed or converted or spent by the body, sayy. Then what is seen in the body
is z = x − y, x ≥ y. It is speculated that by monitoringz one can determine the body
age of a human being, because it is seen that the peak value ofz grows as the person
grows in age and it attains a maximum during what we will call the middle age of
the person and the peak value ofz starts coming down when the person crosses the
middle age. Thus it is of great importance in modeling thisz and lot of studies are
there onz.

Another similar situation is the production of certain particles in the Sun called
solar neutrinos. These particles are capable of passing through almost all media and
practically inert, not reacting with other particles. There are experiments being con-
ducted in USA, Europe and Japan to capture these neutrinos. There is discrepancy
between what is theoretically predicted from physical laws and what is captured
through these experiments. This is known as the solar neutrino problem. Model-
ing the amount of captured neutrinos is a current activity to see whether there is
any cyclic pattern, whether there is time variation and so on. What is seen mathe-
matically is an input-output type behavior. There are also several input-output type
situations in economics, social sciences, industrial production, commercial activi-
ties and so on. An analysis of the general input-output structure is given in Mathai
(1993) and some studies of the neutrino problem may be seen from Haubold and
Mathai (1994,1995). In input-output modeling, the basic idea is to model

z = x − y

by imposing assumptions on the behaviors or types ofx andy and assumption about
whetherx andy are independently varying or not.

4.1.6. Pathway model

Another idea that was introduced recently, see Mathai (2005), is to come up
with a model which can switch around, assume different functional forms, or move
from one functional form to another, thus creating a pathway to different functional
forms. Such a model will be useful in describing transitional stages in the evolution
of any item or describing chaos or chaotic neighborhoods where there is a stable
solution. The pathway model is created on the space of rectangular matrices. For
the very special case of real scalar positive variablex the model is of the following
form:

f1(x) = c1xγ[1 − a(1− α)xδ]
1

1−α , 1− a(1− α)xδ > 0, a > 0 (4.1.9)

whereγ, δ ≥ 0, a > 0 are parameters andc1 can behave as a normalizing constant if
the total integral overf (x) is to be made equal to 1 so that withf (x) ≥ 0 for x ≥ 0
this f (x) can act as a density for a positive random variablex also. The parameter
α is the pathway parameter. Note that forα < 1 and 1− a(1 − α)xδ > 0 we have
(4.1.9) belonging to the generalized type-1 beta family of functions. Whenα > 1



4.1. DETERMINISTIC SITUATIONS 119

writing 1− α = −(α − 1) we have

f2(x) = c1xγ[1 + a(α − 1)xδ]−
1
α−1 , α > 1, 0 ≤ x < ∞. (4.1.10)

The function in (4.1.10) belongs to the generalized type-2 beta family of functions.
But whenα→ 1 both the forms in (4.1.9) and (4.1.10) go to the exponential form

f3(x) = c3xγe−axδ , α→ 1, a > 0, δ > 0, x ≥ 0. (4.1.11)

This f3(x) belongs to the generalized gamma family of functions. Thus the basic
function f1(x) in (4.1.9) can move to three different families of functions through
the parameterα asα goes from−∞ to 1, then from 1 to∞ and finally the limiting
case ofα → 1. If the limiting form in (4.1.11) is the stable solution to describe a
system then unstable neighborhoods of this stable solution are described by (4.1.9)
and (4.1.10). All the transitional stages can be modeled with the help of the param-
eterα. For example, asα moves from the left to 1 this functionf1(x) moves closer
and closer and finally tof3(x). Similarly asαmoves to 1 from the right,f2(x) moves
closer and closer and finally tof3(x).

The same model can create a pathway for certain classes of differential equa-
tions, a pathway for classes of statistical densities and a pathway for certain classes
of generalized entropies. Thus essentially there are three pathways in the model in
(4.1.9), the entropic pathway, the differential pathway and the distributional path-
way. More details may be seen from Mathai and Haubold (2007a,b)

4.1.7. Fibonacci sequence model

Consider the growth of a certain mechanism in the following fashion. It takes
one unit of time to grow and one unit of time to reproduce. Reproduction means
producing one more item or splitting into two items. For example consider the
growth of rabbit population in the certain locality. Suppose that we count only
female rabbits. Suppose that every female rabbit gives birth to one female rabbit
at every six month’s period. After six months of giving birth the mother rabbit can
give birth again, one unit of time. But the daughter rabbit needs six months time
to grow and then six months to reproduce, or two units of time. Then at each six
months the population size will be of the form 1, 1, 2, 3, 5, 8, 13, ... or the sum of the
two previous numbers is the next number. This sequence of numbers is called the
Fibonacci sequence of numbers. Thus any growth mechanism which takes one unit
of time to grow and one unit of time to reproduce can be modeled by a Fibonacci
sequence. Some application of these types of models in explaining many types of
patterns that are seen in nature may be seen from Mathai and Davis (1974).

Example 4.1.2. When a population is growing according to a Finonacci sequence and
if Fk denotes the population size at thek-th generation, with the initial conditionsF0 =

0, F1 = 1 then the difference equation governing the growth process isFk+2 = Fk+1 + Fk.
EvaluateFk for a generalk.

Solution 4.1.2. This can be solved by a simple property of matrices. To this end
write one more equation that is an identityFk+1 = Fk+1 and write the system of
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equations

Fk+2 = Fk+1 + Fk

Fk+1 = Fk+1 (a1)

Take

Vk =

[
Fk+1

Fk

]
=

[
1
0

]
. (a2)

Then the equation in (a1) can be written as

Vk+1 = AVk, A =

[
1 1
1 0

]
. (a3)

But from the initial condition

V0 =

[
F1

F0

]
=

[
1
0

]
.

From (a3)
F1 = AV0⇒ F2 = AV1 = A2V0⇒ Fk = AkV0. (a4)

Therefore we need to compute onlyAk becauseV0 is already known. For example
if k = 100 then we need to multiplyA by itself 100 times, which is not an easy
process. Hence we will make use of some properties of eigenvalues. Let us compute
the eigenvalues ofA.

|A − λI| = 0⇒
∣∣∣∣∣∣
1− λ 1

1 −λ

∣∣∣∣∣∣ = 0

⇒ λ2 − λ − 1 = 0

⇒ λ1 =
1+
√

5
2

andλ2 =
1−
√

5
2
.

Therefore the eigenvalues ofAk areλk
1 andλk

2. Let us compute the eigenvectors. Let
X =

(
x1
x2

)
be the eigenvector corresponding toλ1. Then

(A − λ1I)X = O⇒
1−

(1+
√

5)
2 1

1 − (1+
√

5)
2


(
x1

x2

)
=

(
0
0

)

⇒ X1 =

(
x1

x2

)
=

(1+
√

5
2

1

)
=

(
λ1

1

)
.

Similarly the eigenvector corresponding toλ2 is

X2 =

(
λ2

1

)
.

Then the matrix of eigenvectors is given by

Q = (X1, X2) =

[
λ1 λ2

1 1

]
⇒ Q−1 =

1
λ1 − λ2

[
1 −λ2

−1 λ1

]
.

Then

A = QDQ−1 =

[
λ1 λ2

1 1

] [
λ1 0
0 λ2

] [
1

λ1 − λ2

(
1 −λ2

−1 λ1

)]
.
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Sinceλ andλk share the same eigenvectors,

Ak =
1

λ1 − λ2

[
λ1 λ2

1 1

] [
λk

1 0
0 λk

2

] [
1 −λ2

−1 λ1

]

=
1

λ1 − λ2

[
λk+1

1 − λk+1
2 −λ2λ

k+1
1 + λ1λ

k+1
2

λk
1 − λk

2 −λ2λ
k
1λ1λ

k
2

]
. (a5)

But

Vk = AkV0 = Ak

(
1
0

)
⇒

Vk =
1

λ1 − λ2

[
λk+1

1 − λk+1
1

λk
1 − λk

2

]
.

That is,

Fk =
1

λ1 − λ2
(λk

1 − λk
2)

=
1
√

5


1+

√
5

2


k

−
1−

√
5

2


k . (a6)

ThenFk can be computed for anyk by using (a6). We can make some interesting

observations. Since
∣∣∣∣1−
√

5
2

∣∣∣∣ < 1, λk → 0 ask →∞. Hence for large values ofk,

Fk ≈
1
√

5

1+
√

5
2


k

⇒ lim
k→∞

Fk+1

Fk
=

1+
√

5
2
. (4.1.12)

This 1+
√

5
2 is known as the golden ratio which appears at many places in nature

Exercises

4.1.1. Do Example 4.1 if the matrixA is the following:

A =

[
2 1
1 2

]
.

4.1.2. A biologist has found that the owl populationu and the mice populationv in
a particular region are governed by the following system of differential equations,
wheret = time being measured in months.

du
dt
= 2u + 2v

dv
dt
= u + 2v.

Initially there are two owls and 100 mice. Solve the system. What will be the
populations of owl and mice after 5 months? What will be populations eventually?

4.1.3. Suppose that 2 falcons are also in the region in Exercise 4.1.2. Thus the
initial populations of falconf , owl u and mincev are f0 = 2, u0 = 2, v0 = 100.
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Suppose that the following are the differential equations:

d f
dt
= f + u + v

du
dt
= − f + u + 2v

dv
dt
= − f − u + 3v.

Solve for f , u, v and answer the same questions in Exercise 4.1.2, including falcons

4.1.4. For the model of density in equation (4.1.3) evaluate the mass of the Sun at
an arbitrary valuer if the law is

dM(r)
dr

= 4πr2 f (r)

where f (r) is the density at a distancer from the center.

4.1.5. If pressure in the Sun is given by the formula

dP
dr
= −G M(r) f (r)

r2

whereG is a constant andf (r) is the density, evaluate the pressure at arbitrary
distancer from the center.

4.1.6. For the pathway model in (4.1.9) evaluatec1 if f1(x) is a density forα < 1
and 1− a(1− α)xδ > 0, a > 0, δ > 0.

4.1.7. For the pathway model in (4.1.10) evaluatec2 if f2(x) is a density forx ≥
0, a > 0, δ > 0, α > 1.

4.1.8. For the pathway model in (4.1.11) evaluatec3.

4.1.9. For the models in (4.1.9), (4.1.10) and (4.1.11) compute the Mellin trans-
form of fi(x) or

∫
x

xs−1 fi(x)dx, i = 1, 1, 3 and state the conditions for their existence.

4.1.10. Draw the graphs of the models in (4.1.9),(4.1.10) and (4.1.11) for various
values of the pathway parameterα and for some fixed values of the other parameters
and check the movement of the function.

4.1.11. Suppose that a system is growing in the following fashion. The first stage
size plus 2 times the second stage plus 2 times the third stage equals the fourth
stage. That is,

Fk + 2Fk+1 + 2Fk+2 = Fk+3.

Suppose that the initial conditions areF0 = 0, F1 = 1, F2 = 1. ComputeFk for
k = 100.

4.1.12. Suppose that a system is growing in the following fashion: The first stage
size plus 3 times the second stage size plus the third stage size equals the fourth
stage or

Fk + 3Fk+1 + Fk+ = Fk+3.

ComputeFk for k = 50 if F0 = 0, F1 = 1, F2 = 1.
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4.1.13. In a savannah there are some lions and some deers. Lions eat out deers but
deers do not eat lions. There are small games like rabbits in the area. If no deer is
left the lions cannot survive for long hunting small games. If no lion is there then
deer population will explode. It is seen that the lion population at thei-th stage,Li,
and the deer population at thei-th stage,Di, are related by the system

Li+1 = 0.1Li + 0.4Di

Di+1 = 1.2Di − pLi

wherep is some number. The initial population ati = 0 areL0 = 10,D0 = 100.
Compute the population of lion and deer fori = 1, 2, 3, 4. For what value ofp, (i)
the deer population will be extinct eventually, (ii) the lion population will be extinct
eventually, (iii) lion and deer population will explode. When a number falls below
1 it should be counted as extinction.

4.1.14. Show that every third Fibonacci number is odd, starting with 1, 1.

4.1.15. Consider the sequenceFk + Fk+1 = Fk+2 with F0 = 0, F1 = a > 0. Show
that

lim
k→∞

Fk+1

Fk
=

1+
√

5
2

= golden ratio.

4.2. Some Non-deterministic Situations

So far we were dealing with deterministic situations where there was no pres-
ence of random variables or chance variation. Since a lot of practical situations are
random or non-deterministic in nature, when we talk about model building, people
naturally think that we are trying to describe a random or non-deterministic situa-
tion by mathematical modeling. Attempts to describe random situations have given
birth to different branches of science. Stochastic process is one such area where we
study a collection of random variables. Time series analysis is an area where we
study a collection of random variables over time. Regression is an area where we
try to describe random situations by analyzing conditional expectations. As can be
seen, even to give a basic description of all the areas and disciplines where we build
models it will take hundreds of pages. Hence what we will do here is to pick a few
selected topics and give basic introduction to these topics.

4.2.1. Random walk model

Consider a simple practical situation
of a drunkard coming out of the liquor
shop, denoted byS in Figure 4.1.

He tries to walk home. Since he is
fully drunk assume that he walks in the
following manner. At every minute he
will either take a step to the right or to the
left. Let us assume a straight line path.

S BH

Figure  4. 1

. .
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Suppose that he covers 1 foot (about a third of a meter) at each step. He came
out from the shop as indicated by the arrow. Then if his first step is to the right then
he is one foot closer to home, whereas if his first step is to the left then he is farther
way from home by one foot. At the next minute he takes the next step either to his
right or to his left. If he had taken the second step also to the left then now he is
farther away from home by two feet. One can associate a chance or probability for
taking a step to the left or right at each stage. If the probabilities are1

2 each then at
each step there is 50% chance that the step will be to the left and 50% chance that
the step will be to the right. If the probabilities of going to the left or right are 0.6
and 0.4 respectively then there is a 60% chance that his first step will be to the left.

Some interesting questions to ask in this case are the following: What is the
chance that eventually he will reach home? What is the chance that eventually he
will get lost and walk away from home to infinity? Where is his position aftern
steps? There can be several types of modifications to the simple random walk on a
line. In Figure 4.1 a point is marked asB. ThisB may be a barrier. This barrier may
be such that once he hits the barrier he falls down dead or the walk is finished, or
the barrier may be such that if he hits the barrier there is a certain positive chance
of bouncing back to the previous position so that the random walk can continue and
there may be a certain chance that the walk is finished, and so on.

An example of a 2-dimensional random walk is the case of Mexican jumping
beans. There is a certain variety of Mexican beans (lentils). If you place a dried bean
on the table top then after a few seconds it jumps by itself in a random direction to
another point on the table. This is due to an insect making the dry bean as its home
and the insect moves around by jumping. This is an example of a two-dimensional
random walk. We an also consider random walk in space and random walk in higher
dimensions.

4.2.2. Branching process model

In nature there are many species which behave in the following manner. There
is a mother and the mother gives birth ton offsprings once in her life-time. After
giving birth the mother dies. The number of offsprings could be 0, 1, 2, ..., k where
k is a fixed number, not infinitely large. A typical example is the banana plant. One
banana plant gives only one bunch of bananas. You cut the bunch and the mother
plant is destroyed. the next generation offsprings are the new shoots coming from
the bottom. The number of shoots could be 0, 1, 2, 3, 4, 5, usually a maximum of 5
shoots. These shoots are the next generation plants. Each shoot,when mature, can
produce one bunch of bananas each. Usually after cutting the mother banana plant
the farmer will separate the shoots and plant all shoots, except one, elsewhere so
that all have good chances of growing up into healthy banana plants.

Another example is pineapple. Again one pineapple plant gives only one pineap-
ple. The pineapple itself will have one shoot of plant at the top of the fruit and other
shoots will be coming from the bottom. Again the mother plant is destroyed when
the pineapple is plucked. Another example is certain species of spiders. The mother
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carries the sack of eggs around and dies after the new offsprings are born. Another
example is salmon fish. From the wide ocean the mother salmon enters into fresh
water river, goes to the birthplace of the river, overcoming all types of obstacles on
the way, and lays one bunch of eggs and then promptly dies. Young salmons come
out of these eggs and they find their way down river to the ocean. The life cycle is
continued.

These examples are examples for branching processes. Interesting questions to
ask are the following: what is the chance that the species will be extinct eventually?
This can happen if there is a positive probability of having no offspring in a given
birth. What is the expected population size aftern generations? Branching process
is a subject matter by itself and it is a special case of a general process known as
birth and death process.

4.2.3. Birth and death process model

This can be explained with a simple example. Suppose that there is a good pool
area in a river, a good fishing spot for fishermen. Fish move in and move out of
the pool area. IfN(t) is the number of fish in the pool area at timet and if one fish
moved out at the next unit of time thenN(t+1) = N(t)−1. On the other hand if one
fish moved into the pool area at the next time unit thenN(t + 1) = N(t) + 1. When
one addition is there then one can say that there is one birth and when one deletion
is there we can say that there is one death. Thus if we are modeling such a process
where there is possibility of birth and death then we call it a birth and death model.

4.2.4. Time series models

Suppose that we are monitoring the flood level at Meenachil River at the Pastoral
Institute. If x(t) denotes the flood level on thet-th day, time= t being measured in
days, then at the zeroth day or starting of the observation period the flood level is
x(0), the next day the flood level isx(1) and so on. We are observing a phenomenon
namely flood level over time. In this example, time is measured in discrete time
units. Details of various types of processes and details of the various techniques
available for time series modeling of data are available in SERC School Notes of
2005, 2006, 2007. Since these are available to the students the material will not be
elaborated here.

4.2.5. Regression type models

When people talk abut modeling they are usually talking about regression type
models. The idea stems from the following considerations. Suppose that we want
to come up with the ‘best-fitting’ curve to a given data, ‘best-fitting’ in some sense.
As an example lety denote the increase in milk yield by experimental cows un-
der a certain dietx. The experimenter has some observations on (x, y) such as
(0, 2), (1, 3), (2, 5), (3, 7). This means that when no diet is administered (x = 0), the
milk yield is 2 units, when one unit of the diet is administered (x = 1) the yield is 3
units and so on. Takingy as a function ofx, sayy = f (x), what is the ‘best-fitting’
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f (x) for the data, ‘best-fitting’ in some sense. Any arbitrary functionf (x) can be
taken as a model fory then the value predicted byf (x) at x = xi is f (xi) and this
f (xi) may be far away from the observedyi. Then the error isei = yi − f (xi) =
observed - predicted by the model. Then

e2
i = [yi − f (xi)]

2, i = 1, ..., n

if there aren observations. If the variabley is predicted byf (x) then the error is

e = y − f (x)⇒ e2 = [y − f (x)]2.

Our aim is to minimize the distance betweeny and f (x) so that the predicted value
and the true value will be closer to each other and thus select the particular function
f which will minimize the distance betweeny and f (x). One such measure of
squared distance isE[y − f (x)]2 whereE denotes the expected value wheny is a
random variable. We may want to use the modelf to predicty at a given value of
x. Theny is the only variable andx is a preassigned number, such as what is the
predictedy when x = 2.8 units of the diet? Our problem reduces to minimizing
E[y − f (x)]2 observing that minimizing the distance=

√
E(y − f (x))2 is equivalent

to minimizingE(y − f (x))2.

min
f

E[y − f (x)]2⇒ f =? (4.2.1)

This is already available from elementary algebra or calculus. We know that for an
arbitrarya, E[y − a]2 is a minimum whena = E(y).

E[y − a]2 = E[y − E(y) + E(y) − a]2 = E[y − E(y)]2 + E[E(y) − a]2

+ 2E[y − E(y)][E(y) − a]

= Var(y) + [E(y) − a]2 (4.2.2)

because

E[y − E(y)][E(y) − a] = [E(y) − a]E[y − E(y)] = E[y − a][E(y) − E(y)] = 0

and

E[E(y) − a]2 = [E(y) − a]2

becauseE(y) − a is a constant, where Var(·) denotes the variance of (·). In (4.2.2)
Var(y) does not containa. Hence the right side is a minimum when

[E(y) − a]2 = 0⇒ a = E(y). (4.2.3)

since we are dealing with real quantities. Then whenf (x) at a givenx is used

min
f

E[y − f (x)]2⇒ f (x) = E(y|x) (4.2.4)

or the conditional expectation ofy given x. This conditional expectation,E(y|x), is
the best predictor, best in the sense of minimizing the expected squared error. This
‘best’ predictor is defined as the regression ofy on x. That is,

Regression ofy on x = E(y|x) = is the best predictor ofy at a given value ofx.
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4.2.6. Linear predictors

If the ‘best’ predictor is a linear function in the conditioned variablex then the
predictor is of the form

E(y|x) = α + βx (4.2.5)

for all values ofx, whereα andβ are constants. Standard procedure of statistical
distribution theory provides the following values forα andβ. Taking expectation
on both sides of (4.2.5) we have

E[E(y|x)] = E(y) (4.2.6)

and from the right side we haveα + βE(x). Therefore

E(y|x) − E(y) = β[x − E(x)]. (4.2.7)

Multiplying both sides of (4.2.7) byx − E(x) and then taking expected values with
respect tox on both sides we obtain

β =
Cov(y, x)

Var(x)
. (4.2.8)

Substituting this back we have

α = E(y) − βE(x) (4.2.9)

whereβ is available from (4.2.8). Thus the best predictor is

f (x) = E(y|x) = α + βx (4.2.10)

where the values ofβ andα are available from (4.2.8) and (4.2.9) respectively. This
is the case when the conditional expectation ofy givenx is linear inx for all x.

Observe that when more than one variable is involved as the independent vari-
ables or the variables to be preassigned, the procedure remains the same. The re-
gression ofy on x1, ..., xk is the conditional expectation ofy given x1, ..., xk, that is,
E(y|x1, ..., xk). This function may be linear inx1, ..., xk or not depending upon the
conditional distribution ofy at givenx1, ..., xk. When the conditional distribution
is not available then one has to go for estimating the parametersα andβ in the
linear regression or the various parameters involved inE(y|x1, ..., xk), linear or not.
Usually the method of least squares is used in estimating the parameters in such
situations. If the functions involved are not linear in the unknowns then techniques
from non-linear least squares are to be used. Since these techniques are available
in standard textbooks, and statistical packages are also available, more details of
model building will not be given here.

Exercises

4.2.1. If the regression ofy on x1 andx2 is of the form

E(y|x1, x2) = α0 + α1x1 + α2x2

evaluateα0, α1, α2 in terms of expected values, variances and covariances ofy, x1, x2.
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4.2.2. Show that

f (x, y) =
1

x2
√

2π
e−

1
2(y−3−2x)2

,

is a density for−∞ < y < ∞, x ≥ 1 and zero elsewhere. Then compute the regres-
sion ofy on x in this case.

4.2.3. If the joint density ofx, y is given by

f (x, y) = 2, x ≤ y ≤ 1

and zero elsewhere show that the regression ofy on x as well as the regression ofx
ony are not linear in the conditioned variable.

4.2.4. Suppose that it is known that the regression ofy on x is linear inx but nei-
ther the joint distribution ofx andy nor the conditional distribution ofy given x
is available. But we haven data points (x1, y1), ..., (xn, yn) where xi’s are preas-
signed numbers and theyi’s are the corresponding observations. By minimizing∑m

i=1(yi − a − bxi)2 with the help of calculus, obtain the estimates ˆa andb̂ of a andb
respectively.

4.2.5 For the Exercise 4.2.4 obtain the estimates ofa andb by minimizing the error
sum of squares as done in Exercise 4.2.4 but by not using calculus and show that
the estimates are

â = ȳ − b̂x̄

b̂ =

∑n
j=1(x j − x̄)(y j − ȳ)∑n

j=1(xi − x̄)2

wherex̄ andȳ are the averages of the values onx andy respectively.

4.2.6. Repeat Exercise 4.2.4 if the model to be fitted isyi = a + bxi + cx2
i + ei,

i = 1, ..., n whereei is the error in the observation. This means to minimize
∑n

j=1(y j−
a − bx j − cx2

j )
2 by using calculus and estimatea, b, c.

4.2.7. Fit the model in Exercise 4.2.4 on the data points (x, y) = (0, 1), (1, 3), (2, 6),
(3, 7), (4, 10) and estimatey, if possible, for (i) : x = 2.8; (2) : x = 4.1, (3) : x = 15.

4.2.8. Construct two examples of conditional density where the regression ofy on
x is 2+ 3x − x2.

4.2.9. Construct two examples of conditional density which is normal or Gaussian
but the regression ofy on x is not linear inx.

4.2.10. Suppose that the conditional density ofy given x is Gaussian and the re-
gression ofy on x is linear inx. What What is the general class of joint densities of
x andy.
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4.3. Some Multivariate Data Analysis Techniques

4.3.0. Introduction

.
There are a lot of procedures and techniques in the literature of data analysis in-

volving data on many scalar variables, vector variables and matrix variables. There
are a number of statistical packages available also, detailing some of these tech-
niques. It is not feasible to exhaust all the techniques available in the literature.
Hence I have selected a few techniques and a brief outline on those will be given
here. More of them may be seen from books on multivariate statistical analysis. I
have selected the ones which can be put in terms of simple mathematical frame-
work so that they can be easily understood without having much knowledge about
Probability and Statistics.

4.3.1. Principal components analysis

This is basically a variable-selection procedure. Suppose that a social scientist
wants to compare individuals belonging to two different tribes. She does not really
know what are the important variables on which she should take measurements or
observations so that a meaningful comparison can be done. Hence she had taken
measurements on all possible items of variation such as lengths of legs, arms, thigh
bone, cheek bone, breadth width of skull, many measurements on dimensions of
eyes, ears, nose, other facial characteristics and so on. Suppose that she has made
measurements on 1000 such characteristics. Now it is practically impossible to an-
alyze the data on these 1000 variables and come up with some meaningful way to
compare the two tribes. Hence there should be a way of selecting the most relevant
(relevant for comparison purposes) variables out of these 1000 variables so that she
can study these subset of variables and analysis of the data on these variables may
become feasible.

One criterion that she can use while looking for ‘important’ variables is the fol-
lowing: If both tribes have five fingers in the hand then the number of fingers is not
a variable to be taken. The length of the thumb of adult males in the two tribes are
more or less the same then that is not a variable to be taken into account. Suppose
that in one tribe the thumb is 5cm in length and the variation within the tribe, mea-
sured in terms of standard deviation, is 0.005cm or the length is 5± 3(0.005) if we
take a three standard deviation limit from the mean value 5. In the other tribe sup-
pose that the length of the thumb is again 5cm with standard deviation 0.00501 then
we say that practically the two expected lengths are more or less the same and hence
this is not an important variable for comparison purposes. Suppose that the length
of thigh bone in one tribe is with average length 0.6 meters with a wide variability
of 0.2 meters. Here the variablex = length of thigh bone is not concentrated at 0.6
meters. It is widely varying and hence with almost certainty we cannot say that the
expected length is 0.6 meters. This is a variable that one should take into account.
Thus one criterion is that the variable having more variability or where the variance
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(square of standard deviation) is large is an important variable to study.

The joint variability of two scalar variables is measured by the covariance be-
tween the two variables and the configuration of variability in a set of variables is
measured by the covariance matrixV = (vi j) wherevi j is the covariance between
xi and x j if x1, ..., xk are the individual variables, and thenV will be a k × k posi-
tive definite or positive semi-definite matrix when we deal with real scalar random
variablesx1, ..., xk. Since linear functions also include individual variables, instead
of taking variables one at a time we may consider all possible linear functions of
x1, ..., xk and study the variance in these linear combinations. Let

u = A′X = a1x1 + ... + akxk = X′A,

where A′ = (a1, ..., ak), X′ = (x1, ..., xk) and a prime denotes the transpose, be
an arbitrary linear function ofx1, ..., xk wherea1, ..., ak are constants. Then from
elementary algebra

Var(A′X) = A′VA

whereV is the covariance matrix of the random vectorX. We can select that linear
function for whichA′VA is a maximum for an arbitraryA. Note that sinceV is
at least positive semi-definiteA′VA can increase beyond bound and hence we may
restrictA within a hypersphere or impose the conditionA′A = 1. Then the problem
is to maximize

φ = A′VA − λ(A′A − 1).

whereλ is a Lagrangian multiplier. From elementary algebra, differentiatingφ with
respect toA and equating to a null vector we have

2VA − 2λA = O⇒ (V − λI)Z = O.

But for a non-null solution the coefficient matrixV − λI has to be singular or its
determinant zero. That is,

|V − λI| = 0

or λ is an eigenvalue ofV andA is the corresponding eigenvector. SinceA′A = 1
we have

VA = λA⇒ A′VA = λA′A = λ

or the largest eigenvalue ofV gives a local maximum for the variance of the linear
function. The best choice of the variable or the best linear function of the variables,
for which the variance is a maximum, isA′X, sayA1X, whereA1 is the eigenvector
corresponding to the largest eigenvalue ofV. This A′1X is called the first principal
component or the most important linear function. The second principal component
is A2X whereA2 the eigenvector corresponding to the second largest eigenvalue of
V and so on. This variable selection process is known as the principal components
analysis in statistical literature.
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Example 4.3.1. Show that the followingV can represent a covariance matrix and com-
putethe principal component where

V =


2 0 1
0 2 1
1 1 2

 .

Solution 4.3.1. If V is a covariance matrix thenV has to be at least positive semi-
definite. Let us check the definiteness. The matrix is symmetric.

2 > 0,

∣∣∣∣∣∣
2 0
0 2

∣∣∣∣∣∣ = 4 > 0, |V | = 4 > 0.

HenceV is positive definite. Let us compute the eigenvalues ofV.

|V − λI| = 0⇒

∣∣∣∣∣∣∣∣
2− λ 0 1

0 2− λ 1
1 1 2− λ

∣∣∣∣∣∣∣∣
= 0

⇒ (2− λ)(λ2 − 4λ + 2) = 0

⇒ λ1 = 2+
√

2, λ2 = 2, λ3 = 2 =
√

2

are the three eigenvalues. The largest one isλ1 = 2+
√

2 is given by

(A − λ1I)X = O⇒


−
√

2 0 1
0 −

√
2 1

1 1 −
√

2




x1

x2

x3

 =

0
0
0



⇒ X1 =


1
1√
2

 .

NormalizingX1 we get

α1 =



1
2
1
2√
2

2

 , α
′
1α1 = 1.

Hereα1 is the normalized coefficient vector and hence the first principal component
is

u1 = α
′
1X =

1
2

x1 +
1
2

x2 +

√
2

2
x3.

Now going through the same procedure we see that the normalized eigenvector
corresponding to the second largest eigenvalueλ2 = 2 is α′2 = ( 1√

2
,− 1√

2
, 0) and

therefore the second principal component is

u2 =
1
√

2
x1 −

1
√

2
.

The third principal component can be seen to be

u3 =
1
2

x1 +
1
2
−
√

2
2

x3.

We can also observe the general properties thatα′iαi = 1, i = 1, 2, 3 andα′iα j =

0, i , j, Var(u1) = λ1 > Var(u2) = λ2 > Var(u3) = λ3.
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4.3.2. Canonical correlation analysis

We have already considered the problem of prediction involving one dependent
variable or the variable to be predicted and one or more independent variables or
variables which are conditioned or at whose preassigned values the dependent vari-
able is predicted. Now we will generalize this idea. Suppose that we have several
dependent variables or variables to be predicted and several independent variables.
We can consider a problem of predicting a linear function of variables by using
other linear functions of variables. Let us look at a vector ofp1 + p2 variables and
let

X =

[
X(1)

X(2)

]
, X(1) =


x1
...

xp1

 , X(2) =


xp1+1
...

xp1+p2

 , p = p1 + p2.

Let us assume thatp1 ≤ p2 for convenience. Now, let us consider arbitrary linear
functions ofX(1) andX(2). Let the covariance matrix ofX be denoted byV and let
it be partitioned conformally to take care of the firstp1 components and the nextp2

components ofX. Let

V =

[
V11 V12

V21 V22

]

whereV11 is p1 × p1, V22 is p2 × p2, V12 is p1 × p2 andV21 = V ′12. Let the arbitrary
functions ofX(1) and X(2) be u = α′X(1) andw = β′X(2) whereα′ = (α1, ..., αp1)
andβ′ = (βp1+1, ..., βp1+p2) are arbitrary constants. Since linear correlation is invari-
ant under location and scale parameters, without loss of generality we assume that
Var(u) = 1 and Var(w) = 1. That is,

1 = Var(u) = α′V11α, 1 = Var(w) = β′V22β.

The linear correlation betweenu andw is given by

Cov(u, w)

[Var(u)Var(w)]
1
2

= Cov(u, w) = α′V12β = β
′V21α

since Var(u) = 1 and Var(w) = 1. Then the principle of maximizing the correlation
betweenu andw reduces to maximizingα′V12β subject to the conditionsα′V11α = 1
andβ′V22β = 1. Let

φ = α′V12β −
1
2
λ(α′V11α − 1)− 1

2
µ(β′V22β − 1).

whereλ andµ are Lagrangian multipliers. Then taking the partial derivatives with
respect toα andβ and equating to null vectors we have

∂φ

∂α
= O,

∂φ

∂β
= O⇒

V12β − λV11α = O (a)

−µV22β + V21α = O. (b)

From the conditionsα′V11α = 1 andβ′V22β = 1 we haveλ = µ = α′V12β. Putting
(a) and (b) together we have[

−λV11 V12

V21 −λV22

] [
α
β

]
= O.
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For a non-null solution for this equation the coefficient matrix must be singular or
its determinant must be zero. That is∣∣∣∣∣∣

−λV11 V12

V21 −λV22

∣∣∣∣∣∣ = 0.

Since the maximum correlation is available for the maximum value ofλ = α′V12β
the maximum canonical correlation betweenu andw is available from the largestλ
satisfying the above determinantal equation. Letλ1 be the largest root. Take thisλ1

and solve equations (a) and (b) to obtain the correspondingα1 andβ1. Normalize
through the relations 1= α′V11α and 1= β′V22β. Use those normalizedα1 andβ1 to
write λ1 = α

′
1V12β1. This is the largest canonical correlation and the corresponding

predictorw = β′1X(2) is the best predictor for predictingu = α′1X(1) or vice-versa.
Now start with the second largest root of the determinantal equation, sayλ2 and
proceed.

Exercises

4.3.1. Evaluate the principal components inX′ = (x1, x2, x3) with the covariance
matrix

V =


2 0 1
0 2 2
1 2 4

 .

4.3.2. Check whether the followingV can represent a covariance matrix. If so
evaluate the principal components in the corresponding vector.

V =


1 −1 1
−1 2 0
1 0 3

 .

4.3.3. Check whether the followingV can represent a covariance matrix. If so com-
pute the canonical correlation between{x1, x3} and{x2, x4}whereX′ = (x1, x2, x3, x4)
and

V =



1 −1 1 1
−1 4 0 −1
1 0 2 1
1 −1 1 3


.

4.3.4. Check whether the followingV can represent a covariance matrix. If so com-
pute the canonical correlation between{x1, x4} and{x2, x3}whereX′ = (x1, x2, x3, x4)
and

V =



3 1 −1 1
1 2 0 −1
−1 0 2 1
1 −1 1 3



4.3.5. For X,ann × 1 vector andA = A′ andn × n matrix show that

max
X′X=1

[X′AX] = λn and min
X′X=1

[X′AX] = λ1
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whereλn andλ1 are the largest and smallest eigenvalues ofA.

4.3.6. Let A andB ben×n symmetric matrices where|B| , 0. LetX′ = (x1, ..., xn).
Then show that

max
X′BX=c

[X′AX] = λnc

whereλn is the largest root of the determinantal equation|A − λB| = 0 and

min
X′BX=c

[X′AX] = λ1c

whereλ1 is the smallest root of the determinantal equation above.

4.3.7. Let X′ = (x1, ..., xn), b′ = (b1, ..., bn) andA = A′ > 0 ben × n, whereA andb
are constants. Then show that

min
X′b=c

[X′AX] =
c2

b′A−1b
.

4.3.8. Let X be p × 1, Y beq × 1, A be p × q, p ≤ q. Let B = B′ > 0 bep × p and
C = C′ > 0 beq × q. Then show that

min
X′BX=1,X′CX=1

[X′AX] = |λ1|

and

max
X′BX=1,X′CX=1

[X′AX] = |λp|

where|λp| is the largest and|λ1| is the smallest root of the determinantal equations

|C−1A′B−1A − λ2I| = 0

or|C− 1
2 A′B−1AC−

1
2 − λ2I| = 0.

4.3.9. Let X, Y,C = C′ > 0 be as in Exercise 4.3.8. Then for fixedX show that

max
Y′CY=1

[X′AY] =
√

X′AC−1A′X.

4.3.10. Let X be p × 1, Y beq × 1, B = B′ > 0 beq × q. Let A be p × q. Then for
fixedY show that

max
X′BX=1

[X′AY] =
√

Y ′A′B−1AY .
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